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Abstract
The traditional standard theory of quantum mechanics is unable to solve the spin-statistics
problem, i.e. to justify the utterly important “Pauli Exclusion Principle” but by the adoption of
the complex standard relativistic quantum field theory. In a recent paper (Ref. [1]) we presented
a proof of the spin-statistics problem in the nonrelativistic approximation on the basis of the
“Conformal Quantum Geometrodynamics”. In the present paper, by the same theory the proof of
the Spin-Statistics Theorem is extended to the relativistic domain in the general scenario of curved
spacetime. The relativistic approach allows to formulate a manifestly step-by-step Weyl gauge
invariant theory and to emphasize some fundamental aspects of group theory in the demonstration.
No relativistic quantum field operators are used and the particle exchange properties are drawn
from the conservation of the intrinsic helicity of elementary particles. It is therefore this property,
not considered in the Standard Quantum Mechanics, which determines the correct spin-statistics
connection observed in Nature [1]. The present proof of the Spin-Statistics Theorem is simpler
than the one presented in Ref. [1], because it is based on symmetry group considerations only,
without having recourse to frames attached to the particles.
PACS numbers: 03.65.Ta, 05.30.Fk, 05.30.Jp, 05.30.-d
Keywords: Spin-Statistics Connection; Weyl’s geometry; Conformal Quantum Geometrodynamics.
∗ enrico.santamato@na.infn.it
† francesco.demartini@uniroma1.it
1
I. INTRODUCTION
Within the domain of the Standard Quantum Mechanics (SQM) the Spin-Statistics
Theorem (SST) could not be demonstrated but by making use of the full complexity of
the quantum field theory, e.g. the one accounted for by the well known book by Streater
and Wightman [2]. As a consequence of this complexity the SST is generally taken as a
postulate which is indeed a “Principle”: the celebrated “Pauli exclusion principle”. Pauli’s
derivation of the Spin-Statistics connection is based on the assumption that quantum fields
operators either commute or anticommute for space-like separation, on the positive metric
of the Hilbert space and on the impossibility of negative energy states. The initial approach
by Fiertz [3] and Pauli [4] was then refined and generalized by Schwinger [5], Wightman [6],
Duck et. al. [7], and others (see [8, 9] and references therein). However, even after so many
years, today the existing proof of SST is very formal and the underlying physics is obscure.
Accordingly, we may agree with Duck and Sudarshan by saying that “everyone knows the
Spin-Statistics Theorem, but no one understands it” [10]. Indeed, the SST main statement
(“no more than one fermion can occupy a given quantum state, while any number of bosons
can occupy the same quantum state”) is so simple and the theorem so fundamental that
it has always been taken as a surprising fact that the foundations of SST rely in the deep
arguments of relativistic quantum field theory. As Feynman said: “this probably means that
we do not have a complete understanding of the fundamental principle involved” [11]. In the
last decades several publications appeared aimed at finding more acceptable derivations of
the Pauli principle, including attempts in the settings of nonrelativistic quantum mechanics,
but none of the arguments put forward consists a satisfactory elementary proofs of the SST:
in facts they leave the situation essentially as Feynman found it 30 years earlier [7, 11].
In a recent paper [1]), we presented a demonstration of the SST in the framework of
the Conformal Quantum Geometrodynamics (CQG) [12–19] in the nonrelativistic approxi-
mation. Here we extend the proof to the relativistic case. Although the proof of the SST
runs similarly in the relativistic domain, this one allows to clarify better some geometric
and group theoretical aspects of the intrinsic helicity of quantum particles, a quantity not
considered by the SQM theory of the “spin”[20], which plays nevertheless a deep role in our
proof of the SST.
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The CQG provides a realistic and complete approach to Quantum Mechanics with no
adoption of the quantum “wave functions” as the primary object of the theory. In the CQG,
the quantum features arise from the requirement of invariance of the theory under local
change of the metric calibration [see Sec. II]. This invariance principle is due to Weyl [21] and
extends the well known Einstein’s general relativity principle to the following: “all physical
laws should be invariant under arbitrary change of coordinates and arbitrary local change
of metric calibration”. As shown by Weyl [21] the requirement of calibration invariance of
physical laws implies that in a parallel transport the length ℓ = gija
iaj of a contravariant
vector ai (i = 1, ... . . . , n) changes as δℓ = −2ℓdφ, where dφ = φidqi is a differential form in
the coordinates qi spanning the considered n-dimensional manifold. The Weyl connections
associated with this parallel transport are
Γijk =
{
jk
i
}
+ δijφk + δ
i
kφj − gjkφi (1)
where
{
jk
i
}
are the Christoffel symbols of the metric gij and φ
i = gilφl. The Weyl connections
(1) are invariant under the Weyl gauge [21] (∂i denotes the ordinary partial derivative with
respect to the coordinate qi)
gij → λ2(q)gij (2a)
φi → φi − ∂iλ
λ
(2b)
and so are the curvature tensors Rijkl and its contractions Rij = R
k
ikj, Wij = R
k
kij = ∂iφj −
∂jφi
1. From the connections (1) one obtains the Weyl scalar curvature RW = g
ijRij [21]
RW = Rg − (n− 1)[(n− 2)gijφiφj + 2gij∇iφj ] (3)
where Rg and ∇i denote the Riemann scalar curvature and the covariant derivative with
respect to the coordinate qi calculated from the Christoffel symbols of the metric tensor gij,
respectively. We see that the requirement of calibration invariance induces a curvature in
the manifold even if the Christoffel symbols vanish as in the case of Euclidean or Minkowski
1 In some axiomatic approaches to the structure of spacetime, the so-called “Weyl tensor” W ijkl is used
in place of the curvature tensor Rijkl. The Weyl tensor is obtained from the full curvature tensor by
subtracting out various traces and describes the tidal part of the gravitational forces. The Weyl tensor is
unrelated to the scalar curvature RW in Eq. (3), because all contractions of W
i
jkl are zero.
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metric. The calibration invariance of physical laws is equivalent to the requirement of in-
variance of all equations of the theory under the Weyl gauge transformations (2). Tensors
T (q) which under the Weyl gauge (2) transform as T (q) → λw(T )(q)T (q) are said to have
Weyl weight w(T ). For example, Eq. (2a) shows that w(gij) = 2 and w(g
ij) = −2. The
weight of RW is w(RW ) = −2. For such tensors we may introduce the Weyl co-covariant
derivative DiT = ∇(W )i T + w(T )φi, where ∇(W )i is the covariant derivative with respect to
the Weyl connections (1). The main properties of the co-covariant derivative is that the
metric tensor is constant (Digjk = 0 ) and that leaves the Weyl weight of T unchanged
(w(DiT ) = w(T )).
The similarity of the gauge transformation (2b) with the electromagnetic gauge transfor-
mations led Weyl himself to his well known attempt to unify electromagnetism and gravity
in a single geometric framework [21, 23]. Despite the well known Einstein’s criticism [24]
and the fact that electromagnetism has been unified successively with the weak interactions,
many investigations appeared to explore the potentiality of Weyl’s generalization of Rie-
mannian spacetime [25–31]. We notice also the remarkable fact that a number of axiomatic
approaches for deducing spacetime structure from basic concepts such as light rays and
freely falling test particles all end by assigning a Weylian, not Riemannian, structure to
spacetime [32–36]. All works quoted above apply Weyl’s geometry to extended gravity in
the four dimensional spacetime. The proposal of the CQG is to apply Weyl’s geometry to
quantum mechanics, instead, leaving gravitation fixed in the background. This possibility
has been conjectured some time ago [37–40] after noticing that the second term on the right
of Eq. (3) for the scalar Weyl curvature RW can be reduced to the well known “quantum
potential” appearing in Bohm’s approach to quantum mechanics [41–43]. These earlier
works consider the fields defined in spacetime only and do not account for what may be
considered the quantum feature par excellence of elementary particles: i.e. the Spin. Before
concluding this Section, we present here a brief outline of the CQG applied to a quantum
elementary particle. More details will be provided in the rest of the paper.
To describe a quantum particle, the CQG extends the 4-D spacetime M4 to the larger
n-dimensional space Vn = M4×G, where G is theK-dimensional parameter space of suitable
group G used to describe the internal symmetry of the particle. In the case of a particle
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with spin, we have G = L˜+, the proper orthochronous Lorentz’ group. The coordinates
qi (i = 1, . . . , n) (n = 4 + K) can be grouped into qi = (xµ, yα), where xµ (µ = 0, 1, 2, 3)
are the spacetime coordinates and yα (α = 1, . . . , K) are the parameters of G. The metric
tensor of Vn is taken as the direct sum gij = gµν ⊕ gαβ. The CQG is based on an action
integral for two scalar fields ρ and σ defined in Vn (the Lagrangian is given in Eq. (4)
below). Palatini’s variational method is applied to obtain the field equations of ρ and σ as
well as the affine connections Γijk (i, j, k = 1, . . . , n). The affine connections are found to
be the Weyl connections (1) with integrable Weyl field φi. Therefore the geometry of Vn is
conformally Riemannian with scalar curvature given by Eq. (3). The field equations of ρ
and σ are covariant with respect to the Weyl gauge (2) and are the fundamental equations
of the CQG. A logarithmic ansatz allows to group the coupled nonlinear equations for ρ
and σ into a single linear wave equation for a complex scalar field Ψ. This reduction is
made possible because the second term in the Weyl curvature (3) is found to have the form
of the well known bohmian “quantum potential” [41–43]. The wave equation obeyed by
Ψ is not a known wave equation of the SQM and |Ψ|2 has no definite physical meaning
because it is not Weyl invariant. We must then find the mathematical and epistemological
connection between the CQG and the SQM. This can be accomplished as follows. To each
single valued solution (ρ, σ) to the fundamental equations of the CQG is associated a Weyl
invariant geometric structure formed by a bundle of trajectories in Vn intersected by the
surfaces σ = const. and by a Weyl invariant current density along these trajectories. We
will call this geometric structure the “complete figure” of the CQG. The existence of the
complete figure makes the CQG compatible with the familiar statistical interpretation of
the SQM and provides a link with quantum experiments based on particle count rates.
The count rates foreseen by the CQG reproduce the results of the SQM, including quantum
correlations violating Bell’s inequalities, thus giving a solution to EPR paradoxes. The Weyl
invariance of the complete figure ensures that the experimental outcomes have a definite
physical meaning. The epistemological equivalence between the CQG and the SQM is thus
established. The mathematical equivalence of the CQG with the SQM is accomplished
by expanding the scalar wave function Ψ along the harmonics (i.e. the irreducible rep-
resentations) of the internal group G with coefficients ψq(x) depending on the spacetime
coordinates only. The fields ψq(x), however, cannot still be identified with the spinor wave
functions of the SQM. A complete mathematical equivalence between the CQG and the
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SQM is obtained only after having observed that the fundamental equations of the CQG
foresee a conserved fundamental quantity which characterizes the elementary particles: the
“intrinsic helicity”. The intrinsic helicity can be considered a fixed property of elementary
particles akin mass and plays a fundamental role in our proof of the SST. The SQM ignores
the intrinsic helicity which may explain why the SQM is unable to obtain a simple proof
of Pauli’s principle. The conservation of the intrinsic helicity is not compatible with the
expansion of Ψ in terms of the harmonics of the whole internal group G. The expansion
must then be restricted, in general, over the harmonics of suitable homogeneous quotient
space G/H , with H subgroup of G. The coefficients ψq(x) of the expansion of the scalar
wave function Ψ along G/H can finally be identified with the spinor fields used in the SQM.
In the case of the particle with spin, we have G/H = L˜+/R2, where R2 is the group of 2D
rotations around a fixed axis. We may think R2 as representing the rotation of the particle
“around itself”. The harmonic expansion along L˜+/R2 restricts the allowed values s of the
intrinsic helicity of the spinning particle to integer and half integer numbers for bosons and
fermions, respectively. The coefficients ψq(x) of the expansion in the harmonics of L˜+/R2
are found to be Dirac’s four components spinors which obey Dirac’s equation.
Most of the claims quoted above have been demonstrated in previous works [12–19] and
will not be discussed here. We conclude this Section by observing that the conservation
of the particle intrinsic helicity and the consequent expansion of the scalar wave function
along L˜+/R2 introduces a global phase factor e
isγ to Ψ. As we will show in Sec. IV, when
two identical particles are considered, this phase factor – ignored in the SQM – provides the
right factor (−1)2s which originates Pauli’s exclusion principle. The paper is organized as
follows. In Sec. II the action principle and the main equations of the CQG are presented.
In Sec. IIA we discuss the complete figure and the statistical interpretation of the CQG. In
Sec. III we present the CQG approach to a single particle with spin. In Sec. IV we give our
proof of the SST and, finally, in Sec. V our conclusions are drawn.
II. THE CONFORMAL QUANTUM GEOMETRODYNAMICS
The CQG is based on a Weyl invariant action principle with a Weyl invariant Lagrangian
density L
√
g defined on the n-dimensional configuration space Vn of the system spanned
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by coordinates qi. Because w(
√
g) = n, we must have w(L) = −n. The familiar choice
L = RW is then inadequate, because w(RW ) = −2. If we consider only the four dimensions
of spacetime a possible choice is L = R2W as Weyl did [21]. However, to have connection
with Einstein’s gravity, Weyl was forced to fix the gauge so to have RW = const. = G
with G Newton’s constant. A substantial improvement has been offered by Dirac [25] by
introducing an invariant constraint so to have L = Φ2RW with Lagrange multiplier Φ of
weight w(Φ) = −1 in four dimensions. Dirac’s Lagrangian was used also by Hochberg and
Plunien [33] who included the kinetic term WµνW
µν (wµν = ∂µφν − ∂νφµ, with φµ Weyl
vector)) and a scalar potential V (Φ) = Φ4.
The Lagrangian used in the CQG is
L = ρ[R + (∇kσ − ak)(∇kσ − ak)] (4)
where R is the scalar curvature of the configuration space Vn with metric tensor gij and
generic connections Γijk. The fields ai(q) represent externally applied fields which are pre-
scribed. As said in the Introduction we assume gij fixed (e.g. by external gravitational
bodies) and take the variation of the action principle
∫
L
√
gdnq with respect to the connec-
tions Γijk and the fields ρ and σ. The variation of the action with respect the connections
yields the Weyl connections (1) with Weyl vector
φi =
1
n− 2
∂iρ
ρ
(5)
We see that the Weyl connection obtained from the variational principle is integrable with
φ = 1
n−2
ln ρ as Weyl potential. We have therefore Wij = ∂iφj − ∂jφi = 0 so that the kinetic
term is absent and the geometry is Riemannian up to conformal changes of the metric tensor.
Once the variation was made, we may replace R in the Lagrangian (4) with Weyl’s scalar
curvature RW so that the first term on the right of L reduces to Dirac-Weyl’s curvature
Lagrangian with Φ2 = ρ. Moreover, insertion of Eq. (5) into Eq. (3) yields
RW = Rg +
(
n− 1
n+ 2
)[∇kρ∇kρ
ρ2
− 2∇k∇
kρ
ρ
]
(6)
where Rg is the Riemann scalar curvature built from the metric tensor gij . The variations
with respect ρ and σ yield, respectively,
(∇kS −Ak)(∇kS −Ak) + ~2ξ2RW = 0 (7)
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and
∇k[ρ(∇kS −Ak)] = 0 (8)
with ξ =
√
n−2
4(n−1)
and RW given by Eq. (6). Weyl covariance is ensured by taking w(ρ) =
−(n − 2) and w(σ) = w(ai) = 0. In Eqs. (7) and (8) we passed to dimensional units by
setting S = ξ~σ and Ai = ξ~ai. Once the curvature (6) is inserted into Eq. (7), Eqs. (7)
and (8) form a set of two coupled nonlinear second-order partial differential equations for
the scalar fields ρ and σ, respectively. Note that Eq. (7), regarded as an equation for σ,
has the form of the Hamilton-Jacobi equation of the classical mechanics and that Eq. (8)
regarded as an equation for ρ has the form of a continuity equation for the Weyl-invariant
current density
J i = ρ(∇iS − Ai)√g. (9)
We observe that the last term on the right of Eq. (3) is proportional to the “quantum
potential” used by Bohm in its “ontological” approach to the SQM [41–43]. This suggests
a possible relationship between Weyl’s geometry and quantum mechanics. On the other
hand, the first term on the right of RW is the Riemann curvature which depends on the
metric tensor and its derivatives only. Thus, gravitational and quantum phenomena appear
together on different footings: the metric tensor and the Riemann curvature Rg in Eq. (3)
are related to the gravitational forces, while the Weyl potential and the last term in the
scalar curvature RW are related to quantum “Bohmian” forces. We are implicitly assuming
here that a gauge exists where this separation is meaningful. It should be noticed, however,
that in other gauges gravitational and quantum forces are mixed. For example, in the gauge
ρ = const. where the geometry is purely Riemannian, gravitational and quantum forces
are both encoded in the metric tensor. The Bohmian form of the “quantum potential” in
the Weyl scalar curvature RW suggests that a solution of the nonlinear problem posed by
Eqs. (3), (7) and (8) is conveniently attained by use of the ansatz
Ψ =
√
ρeiS/~ (10)
by which the coupled Eqs. (7) and (8) are transformed into a single linear partial differential
equation for the complex field Ψ, viz.
(∇k − Ak)(∇k − Ak)Ψ− ~2ξ2RgΨ = 0 (11)
8
This equation has the form of the Klein-Gordon equation in curvilinear coordinates with the
mass replaced by the Riemann curvature field Rg. The presence of the Riemann curvature
is necessary for the Weyl-gauge invariance of Eq. (11). We will call Ψ the “scalar wave-
function” of the CQG. Solving Eq. (11) is equivalent to solve Eqs. (7) and (8) for ρ and S.
We notice, however, that because arg(Ψ) = S/~ + 2kπ (k integer), the scalar wavefunction
Ψ determines S/~ only mod (2π). Then, once Ψ is found, the right value of k must be
selected in order to satisfy the known global properties of S, as for instance singlevaluedness.
In the following, the mod (2π) indetermination of the phase of Ψ will be understood albeit
not expressed explicitly.
A. The statistical interpretation of the CQG
The CQG is an essentially geometric theory. Nevertheless, as expected from the SQM, a
statistical interpretation can be also envisaged and this statistical interpretation has a Weyl
invariant character. As observed above, Eq. (7) has the form of the Hamilton-Jacobi equation
of the classical mechanics. We may then associate to each single valued solution S(q) of this
equation a Carathe´odory’s complete figure formed by a canonical bundle of trajectories
qi(τ) (τ is an arbitrary parameter along the trajectory) belonging to the family of surfaces
S(q) = const. [44]. Each curve of the canonical bundle obeys the Euler-Lagrange equations
of the parameter invariant homogeneous Lagrange function L∗(q, q˙) =
√−RW (q)gij(q)q˙iq˙j+
Ai(q)q˙
i and, together with the conjugate momenta obtained by equating pi = ∂L
∗(q, q˙)/∂q˙i
with the gradient of S (i. e. pi = ∂iS), forms a corresponding trajectory in the phase space.
Moreover, if C : qi(τ) is a trajectory belonging to the canonical bundle, we have
S(P2)− S(P1) =
∫ P2
P1
L∗(q(τ), q˙(τ))dτ. (12)
Because L∗ is Weyl invariant, the complete figure is a Weyl invariant geometric object.
The complete figure together with the current density J i given by Eq. (9) provides a Weyl
invariant structure that allows a statistical interpretation of the CQG according to the
SQM [38, 45]. In particular, the current density Ji provides a direct link with quantum
measurement based on particle count rates. When two spin 1/2 particles in entangled state
are considered, Ji accounts for nonlocal EPR correlations too [12, 14, 16–19, 46, 47]. The
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complete figure provides also a powerful tool to study the global properties of the quantum
wavefunctions and, in particular, to prove the SST. We will consider therefore the existence
of the complete figure as an essential feature of the CQG, which implies singlevaluedness of
the function S(q) in the considered region of the configuration space Vn.
B. The connection between the CQG and the SQM
Equation (11) is not a known equation of the SQM. We need therefore to find how to
connect Eq. (11) with the SQM formalism. We assume that the configuration space V N of
a system of N identical particles is the direct product V N = V × · · · × V (N times) of the
configuration space V of one particle and, in turn, that V is the direct product V =M4×G
of the 4-dimensional spacetime M4 and the homogeneous K-dimensional parameter space
of some group G, representing the internal symmetries of the particle. We have therefore
V N = MN4 ×GN , withMN4 =M4×· · ·×M4 and GN = G×· · ·×G. The coordinates qi of V N
can be grouped as q = (x, y), where x collects the spacetime coordinates xµh (µ = 0, 1, 2, 3) of
the N particles labeled by (h = 1, . . . , N) and y collects the coordinates yαh (α = 1, . . . , K)
of the internal symmetry group GN . The fields Ai(q) = Ai(x, y) (i = 1, . . . , N(4 + K)) in
Eqs. (7), (8) and (11) are assumed to be given by the direct sum Ai(x, y) =
⊕N
h=1Ah, where
Ah = (e/c)(Aµ(xh), K
m
α (yh)Fm(xh)) (13)
are vectors in the (4 + K)-dimensional space V of the single particle. In Eq. (13) Aµ(xh)
and Fm(xh) are respectively the externally applied potentials and fields evaluated at the
spacetime position xh of the particle h and K
m
α (yh) are the covariant Killing vectors of the
symmetry group G evaluated at yh. Analogously, the metric tensor gij(q) is assumed to be
the direct sum
⊕N
h=1[gµν(xh)⊕gα,β(yh)] of the metric gµν(xh) of spacetime and of the metric
gαβ(yh) of the group G.
With these premises, the connection between the CQG and the SQM is obtained by
expanding the scalar Weyl wavefunction Ψ(q) of the system as the harmonic superposition
of products of the finite dimensional irreducible representations g → Dn(g) (g ∈ GN ) of
GN [48], viz.
Ψ(q) = Ψ(x, y) =
∑
u
u∑
p,q=1
Du[g−1(y)]pqψ
q
pu(x) (14)
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where the sum includes all matrix elements of all finite-dimensional irreducible representa-
tions of the group GN . The index u fixes the dimensionality of the representations. Because
the harmonics Du form a complete set of functions and the external fields Ai(x, y) have
been expressed in terms of the Killing vectors of GN (see Eq. (13)), insertion of Eq. (14)
into Eq. (11) yields a set of wave equations for the expansion coefficients ψqpu(x) where only
the spacetime potentials Aµ(x) and fields Fm(x) appear explicitly. Each solution ψ
q
pu(x) of
these wave equations provides a corresponding solution to our fundamental Eqs. (7), (8),
and (11). In this way the problem posed by the coupled nonlinear Eqs. (7) and (8) is reduced
to the problem of coupled linear wave equations in the spacetime coordinates x only. The
fields ψqpu(x) are not yet exactly the fields of the SQM, however. In fact, the expansion
(14) is too general and should be somewhat restricted to account for the conservation of the
particle intrinsic helicity, as it will be discussed in the next Section where a single particle
with spin is considered.
III. THE INTRINSIC HELICITY OF A PARTICLE WITH SPIN
In the case of a single particle with spin, the internal group G is identified with the
proper orthochronous Lorentz group L˜+ so that the configuration space is V = M4 × L˜+
spanned by the coordinates qi = (xµ, yα). As internal coordinates we take the six Eu-
ler’s angles yα = (α, β, γ, ϕ, θ, χ). Other parameterizations of the Lorentz group are pos-
sible, but Euler’s angles are particularly suitable [13, 46]. In fact, a direct calculation
shows that the Killing vectors K mα (y) of L˜+ are independent of the Euler angle γ and
so is the metric tensor gαβ(y) = K
m
α (y)K
n
β (y)gmn, because the Killing metric of L˜+ is
given by gmn = diag(1, 1, 1,−1,−1,−1). The external fields Ai(q) = Ai(x, y) are given by
(e/c)(Aµ(x), K
m
α (y)Fm(x)) [see Eq. (13)], where Aµ(x) = (A(x),−φ(x)) are the e.m. po-
tentials and Fm(x) = (H(x),E(x)) are the associated e.m. fields [13, 46]. If we assume that
ρ(q) is independent of γ, it follows that the angle γ never appears explicitly in Eq. (7) and
it can be considered as an ignorable (or cyclic) coordinate in the Hamilton-Jacobi equation
of the CQG. We can then consider solutions S(q) of Eq. (7) of the form
S(q) = ~sγ + S0(q) (15)
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with constant s and S0(q) independent of γ. Without loss of generality we may assume
s ≥ 0. The momentum pγ = ∂L∗/∂γ˙ conjugate to the angle γ is by definition the “intrinsic
helicity” of the particle. Equation (15) shows that along all trajectories of the complete
figure introduced in Sec. IIA pγ = ∂γS takes the constant value ~s. Thus Eq. (15) reduces
the accessible phase space associated to the Lagrangian L∗(q, q˙) in Eq. (12) to the region
pγ = ~s. We may also observe that the presence of the external fields Ai does not affect the
conservation of the value of s so that we may consider the intrinsic helicity s (in units of ~)
as a fixed property of the particle, akin mass. According to Eq. (15), the scalar wavefunction
Ψ(q) given by the ansatz (10) becomes
Ψs(q) = e
isγΦs(q) (16)
with Φs(q) independent of γ. It can be easily verified that Eq. (16) is consistent with the
continuity Eq. (8) with ρ(q) = |Φs(q)|2 independent of γ, as assumed.
The harmonic expansion (14) has not the factorized form required by Eq. (16), in gen-
eral. To be consistent with the conservation of the particle intrinsic helicity we must retain
only the terms in the expansion (14) which are proportional to eisγ with given value of
s. According to the methods of group theory [48, 49], this selection should be made by
restricting the harmonic expansion from the original group G to the homogeneous quo-
tient space G/H where H is a subgroup of G. In our case G is the proper Lorentz
group L˜+. To find H we observe that e
isγ ∈ U(1) provides the irreducible representa-
tion with helicity s of the one-dimensional group R2 (γ is the group parameter) of the
2D rotations around a fixed axis, which is a subgroup of L˜+. We then identify H with
R2. The cosets of L˜+/R2 are labeled by a representative “boost” B(y˜) [48], where y˜ de-
notes the set of Euler’s angles which parameterize L˜+ with γ removed. The coordinates y˜
span the homogeneous space L˜+/R2. The form of the representative boost B(y˜) is given
once for ever and we have the so-called left translation rule Λ¯B(y˜) = B(y˜′)R2(γ
′) for fixed
Λ¯ ∈ L˜+ [48, 49]. Both y˜′ and γ′ are determined by this relation as functions of Λ¯ and
y˜. The left translation rule implies the factorization Λ(y) = B(y˜)R2(γ) of an arbitrary
Lorentz transformation Λ into a boost B(y˜) and a 2D rotation R2(γ)
2. In fact, we have
2 The boost B(y˜) considered here differs from the boost commonly used in the relativistic mechanics because
B(y˜) contains a space rotation too. An alternative form of left translation rule is R2(γ
′) = B−1(y˜′)Λ¯B(y˜),
which represents “Wigner’s rotation” in the present case.
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Λ¯Λ = Λ¯B(y˜)R2(γ) = B(y˜
′)R2(γ
′)R2(γ) = B(y˜
′)R2(γ
′ + γ) = Λ′′, which is the group prop-
erty of L˜+. Using this factorization, the function Φs(q) = Φs(x, y˜) in Eq. (16) is expanded
in the harmonic series of the quotient space L˜+/R2, obtaining
Φs(q) = Φs(x, y˜) =
s∑
p=−s
D(0,s)[B−1(y˜)]spψ
p(x) +
s∑
p˙=−s
D(s,0)[B−1(y˜)]sp˙ψ
p˙(x) (17)
where D(u,v)[Λ] is the (2u+ 1)× (2v + 1)-dimensional representation of the Lorentz group.
From the properties of the finite dimensional representations of the Lorentz group we see that
s is now restricted to have integer or half-integer non negative value, equal to the value of the
quantum spin of the particle. Notice that both the undotted and dotted representations of
L˜+ are present in Eq. (17), which preserves parity. The important case s = 1/2 was worked
out explicitly in Refs. [13, 46] where it was shown that the four-component column vector
ψD(x) =

ψp(x)
ψp˙(x)

 transforms as a Dirac spinor under Lorentz transformations and that the
wave equation obeyed by ΨD(x) was the square of Dirac’s equation. In the light of this result
for s = 1/2, we assume that the Eqs. (16) and (17) of the CQG describe the quantum spin
for any other value integer or half-integer of s. By the methods of the SQM we can evaluate
only the coefficients ψq(x) of the expansion (17). Besides the spacetime coordinates xµ, the
CQG includes additional coordinates yα accounting for the internal degrees of freedom of
the particle. As observed elsewhere, this renders the CQG a complete theory in Einstein’s
sense, where the EPR and other paradoxes can be solved in spite of violation of Bell’s
inequalities [12, 14, 16–19, 47]. As final point we observe that the spinors of the SQM affect
the harmonic expansion over the quotient space L˜+/R2 alone [see Eq. (17)], while the CQG
includes also the global phase factor eisγ as shown in Eq. (16). In other words, the SQM
ignores the γ-rotation, which is accounted for by the CQG, instead. The effect of the γ angle
is to introduce a global phase factor in the scalar wavefunction Ψ(q), which is neglected in
the SQM, where only relative phase have interest. But, as we shall see in the next Section,
this global phase is really crucial in order to establish the correct Spin-Statistics connection,
when identical particles are considered.
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IV. THE SPIN STATISTIC THEOREM
Let us start with two identical particles first. The two-particle configuration space is the
direct product V 2 = V1×V2 of the configuration spaces of each particle. Let q = (q1, q2) the
coordinates q of the two-particle configuration space V 2 with q1 = (x1, y1) and q2 = (x2, y2).
The spacetime positions x1 and x2 of the two particles are joined by a space-like geodesic, so
that they can be simultaneously present to some inertial observer. The scalar wavefunction
of the two-particle system is obtained by selecting the appropriate terms in the general
expansion (14), viz.
Ψs(q1, q2) = e
is(γ1+γ2)
[
s∑
p1,p2=−s
D(0,s)[B−1(y˜1)]
s
p1D
(0,s)[B−1(y˜2)]
s
p2Φp1p2(x1, x2)+
+ dotted terms
]
(18)
where the omitted dotted terms have D(s,0) in place of D(0,s).
As said in Sec. IIA, singlevaluedness of the function S(q1, q2) = S(x1, y1; x2, y2) is required
to construct the Carathe´odory complete figure and to gain a Weyl gauge-invariant statistical
interpretation of quantum measurements. That S(q1, q2) must be single valued is also evident
from Eq. (12): when the two particles are exchanged, their trajectories in the canonical
bundle are also exchanged, which leaves unchanged the complete figure and the value of the
integral (12). We require therefore the exchange symmetry S(q1, q2) = S(q2, q1). Because
ρ(q1, q2) = ρ(q2, q1), that symmetry is equivalent to
Ψ(q1, q2) = Ψ(q2, q1) (19)
We notice – once more – that the scalar wavefunction Ψ of the CQG is not a wavefunction
of the SQM (as we have shown, the wavefunctions of the SQM appear in the CQG as
coefficients of suitable harmonic expansion of Ψ). Thus, the well known criticism against
Bacry’s and Broyles’ argument [51, 52] that the physical invariance of the of system under
the exchange of identical particles would imply the same invariance of the wavefunction
used by the SQM to describe the state of the system does not apply to the symmetry (19).
From what discussed in the previous Sections it should be now evident that, among the
coordinates qi, the angle γ requires special attention in the construction of the two-particle
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scalar wave function, because the phase factor eisγ leads to double-valued representations
of the group R2(γ) when s is half integer. The global phase factor e
is(γ1+γ2) in Eq. (18)
must be interpreted here as the irreducible unitary representation of the group R2(γ1) ×
R2(γ2). The separate conservation of the intrinsic helicity of the two particles fixes this
irreducible representation uniquely. Because eisγ and e−isγ are different representations of
R2(γ), it follows from s > 0 that the angles γ1 and γ2 in Eq. (18) must be counted both
counterclockwise. Therefore, we cannot exchange γ1 and γ2 according to the natural rule
(γ1 → γ2, γ2 → γ1) because one of these two rules necessarily imply a forbidden clockwise
change of γ, which belongs to a different representation of R2(γ). The correct way to
exchange γ1 and γ2 without changing the group representation is (γ1 → γ2, γ2 → γ1 + 2π)
(we assumed here γ2 > γ1). The same conclusion about the right way to exchange γ1 and
γ2 can be drawn by following different routes. For example, the space R2(γ1)× R2(γ2) can
be replaced by the quotient space (R2(γ1)× R2(γ2))/S2, where S2 is the symmetric group,
with the singular points where γ1 = γ2 removed [53]. Alternatively, one can observe that
counterclockwise and clockwise round trips over the circle belong to different homotopy
classes so that choosing the anticlockwise direction is equivalent to chose one homotopy
class [54]. In our previous works we derived the exchange rule for the γ angles from the
“ratchet” kinematical constraint pγ = ∂L
∗/∂γ˙ = ~s > 0, where L∗ is the Lagrange function
in Eq. (12) [1, 20]. We think however that the group theoretical argument presented here is
simpler and has the advantage to avoid the need to exchange the orientations of the frames
attached to the two particles. No exchange restriction exists for the other coordinates, that
can be exchanged using the natural rule. Having thus established the right exchange rules,
we may apply them to Eq. (18) to obtain
Ψs(q2, q1) = (−1)2seis(γ1+γ2)
[
s∑
p1,p2=−s
D(0,s)[B−1(y˜2)]
s
p1
D(0,s)[B−1(y˜1)]
s
p2
Φp1p2(x2, x1)+
+ dotted terms
]
=
= (−1)2seis(γ1+γ2)
[
s∑
p1,p2=−s
D(0,s)[B−1(y˜1)]
s
p1
D(0,s)[B−1(y˜2)]
s
p2
Φp2p1(x2, x1)+
+ dotted terms
]
(20)
where in the last term we exchanged the dummy indices p1 and p2. Now a direct comparison
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of Eq. (20) with Eq. (18) shows that the symmetry requirement (19) can be satisfied only if
Φp1p2(x1, x2) = (−1)2sΦp2p1(x2, x1). (21)
In other words, if we exchange both the space-time coordinates (x1, x2) and the spin indices
(p1, p2) of the two particles, the space-time dependent part Φp1p2(x1, x2) of the scalar wave-
function (the only one considered in the SQM) must be chosen so to remain invariant when
s is integer and to change in sign when s is half integer, in agreement with the Spin-Statistic
connection3. This result cannot be obtained so simply in the SQM, because the SQM ignores
the γ angle.
The proof of the SST is immediately extended to a system of N identical particles. The
requirement of singlevaluedness of the action S under arbitrary permutation of the particles
leads to the symmetry
Ψ(q1, . . . , qN) = Ψ(p(q1, . . . , qN)) (22)
which generalizes Eq. (19). Because any permutation p of the coordinates qh (h = 1, . . . , N)
of the N particles is obtained by a finite number kp of simple transpositions, we may apply
the permutation p to the scalar wavefunction Ψ by applying kp exchanges of the coordinates
of two particles at a time as described above. Each one of these exchanges inserts a phase
factor (−1)2s to the scalar wavefunction so that, after the permutation p, Ψ(q1, . . . , qN) is
changed into (−1)2kpsΨ(p(q1, . . . , qN)). Then, compatibility with the symmetry (22) implies
that the space-time-dependent part of Ψ(q1, . . . , qN ) must satisfy the exchange symmetry
Φp1,...,pN (q1, . . . , qN) = (−1)2kpsΦp(p1,...,pN )(p(q1, . . . , qN)) (23)
which generalizes Eq. (21) and the Spin-Statistics connection to N identical particles.Since
w(S) = 0 the symmetry requirement S(q1, q2) = S(q2, q1) and the proof of the SST are Weyl
gauge invariant as is due for meaningful physical laws.
V. CONCLUSIONS
In conclusion, we presented a Weyl-gauge invariant derivation of the SST in curved space-
time and in the presence of external fields with no recourse to the quantum field approach.
3 In the case s = 0 we have D(0,0) = 1 and the SST reduces to the symmetry condition (19).
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In the CQG framework, this is made possible by the peculiar role played by the conserva-
tion of the intrinsic helicity pγ of elementary particles and by the expansion properties of
the scalar wavefunction Ψ of the CQG in the harmonics of appropriate homogeneous space
G/H . In the relativistic case the proof of the SST requires G/H = L˜+/R2, but the same
proof can be carried out also in the nonrelativistic case by replacing L˜+/R2 with R3/R2,
where R3 is the group of 3D rotations [1]. The proof presented here is somewhat simpler of
the one in Ref. [1], because does not require the use of frames attached to the particle. The
CQG handles bosons and fermions on the same footing by a unique scalar wave function
Ψ which remains unchanged in the particle permutation. It is the space-time dependent
part Phi of Ψ, the one containing the spinor fields of the SQM, which behaves differently
under exchange of identical particles, according to Pauli’s principle. The CQG derivation
of the SST shows that Pauli’s principle, as any other objective physical law, is Weyl-gauge
invariant. Additional “flavors” as isospin have been ignored and the metric tensor was held
fixed. Both restrictions can be relaxed, in principle, and will be considered in the future.
Nowadays the only physical effect due to the intrinsic helicity appears to be the “Pauli’s
exclusion principle”, as shown here, but there is no reason of principle which forbids pγ to
be measured, e.g. by a neutron interferometry experiment. However, the realization of such
experiment could be difficult, if not impossible, because no fields are known which actively
interact with the intrinsic helicity of the elementary particles.
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